MATH 6101 090 Assignment 2

MATH 6101 090 Solutions Assignment 2
1. We will use the following two facts in this problem:
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2. Let ZABC have measure o and let the points A,A, A,,... be defined as
follows:
A=A

A, is the foot of the perpendicular from A, to BC,
A, is the foot of the perpendicular from A, to AB,
A, is the foot of the perpendicular from A, to BC,
A, is the foot of the perpendicular from A, to AB,

Show that A1A2+A2A3+A3A4+...:i.
1-cosa
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A=A,
A3
A5
A7
A9

o

B Ag As A, A, C
First let’s note that cos(«) = i’ag and
AABA, ~AA A A, ~AA A A ~ -~ AAA LA, ~

since the “obvious” lines above are parallel. Note that this means that

BA, AA_AA _ ALA,

cos(a) =

AB  AA, AA, AA
AA; = A A, cos(a)

AA, = A A cos(a) = A A, cos’(a)
A, A, = A A, cos(a)=AA,cos’(a)
A A, = A,A cos(a)= A A, cos’(a)

A A, =A_A cos(ax)=AA, cos (a)

Therefore,
AA+AA+AA +...=AA +AA cos(x)+ AiAQCOSZ(a)+--‘+ A A cos"(a)+---
= A A, (1+cos(a)+cos’(a)+:++cos"(a) +-+)

__AA

= if—1<c0504<1if0<oz<Z
1-cosa 2

Fall 2008 Page 2 of 5 Solutions



MATH 6101 090 Assignment 2

3. The rightmost half of the unit interval [0,1] is removed. Next, the rightmost
third of the remaining interval is removed. At the third stage the rightmost
guarter of the remaining interval is removed and so on. Compute the sum of the
lengths of all the extracted intervals.

Stage O:

Stage 1:

Stage 2:
Stage 3:

Stage 4:

We are told that

1
AR, = AA

Let’s find each of these in terms of the length of AB, which is 1.
1
AB=AA =2
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So, if we add up the lengths that are removed we get R:
R=BA +AA +AA ot ALA +
1 1 1 1 1
cen +
n(n+ 1)

223 34 a5
Sl
= (n+1) n n+1

4. The rightmost third of the unit interval [0,1] is removed. Next, the rightmost
third of the remaining interval is removed. At the third stage the rightmost third
of the remaining interval is removed and so on. Compute the sum of the lengths
of all the extracted intervals.

A B Stage O
A A . Stage 1l
A S S . Stage 2
A Ap . Stage 3
A A . Stage 4
A P . Stage 5
A5
We are told that
1 1
AlB_gABZE
AA, =2 AR,
AR =S A,
n n+1 An A

Let’s find each of these in terms of the length of the unit interval, 1.
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1 2

AlBZE:AAl =3

1 1 2 2Y
AA =AM = AA, =AA1—§AA1=§AA1=(EJ

1 1 2 2Y’
A A, =§AAz:>AA3:AAz —gAAz =§AA2 Z(gj

1 1 2 2 n+1
AA =-AA = AA =AA —AA =ZAA =|Z
+1 3 n +1 n 3 An 3 An (SJ

The lengths that are removed are:
BA, + AA+A A+ + A A =1-AA
and so the total length removed is:
R= Iim(l—AAn)

n—oo

]

=1
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