MATH 6101 090 Assignment 4

MATH 6101 090 Solutions Assignment 4

1. Use the method of infinite series to solve the differential equation y'=1+x+Yy.

Let y=> a x",then y’=> na x"". Our equation now becomes:
n=0

= n=1
D na x"t=1+x+> ax"
n=1 n=0
a, +2a,Xx +3a,x* +4a,x° +---=(L+a )+ (L+a,)x +a,x* +a,x> +--
This gives the following set of equations:
a =1+a,
2+a,

2a,=1+a = 2a,-2+3,= a :1+%%:T

1 1 1 2+a,
3a,=a, = a,—-a, =—+—-a,=
% =% 37?7 3 6a° 2.3
1 1 1 2+a
4a,=a, = q,=-a,=—+—a,= 0
4 Y470 12 24ao 2.34

This gives us that the solution is:

y=a,+(1+a,)x+)_ |a°x
n=2

Symbolically, we have y=-2—x+a.e"
2. Use the method of infinite series to solve the differential equation xy’'=1+vy.

0 00
Let y=> a,x",then y’=> "na x"". Our equation now becomes:
n=0 n=1
x> na x"t=1+>ax"
n=1 n=0

inanx” =1+ ianx"
n=1 n=0

aX+2a,x? +3a,x° +4a,x* +---=(1+a,) +a,x + a,x* +a, x> +---
This gives the following set of equations:

O=14+a, = a,=-1

a =a

2a,=a,= a,=0

3a,=a, = a,=0

4a,=a, = a,=0
This gives us that the solution is:

y=-14ax
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3. Use the method of infinite series to solve the differential equation y” = xy .
Let y= ianx“ , then y’ = f:nanx”‘1 and y"' = in(n —1)a x""?. Our equation
now becz):r(rJles: " "
in(n ~1a x"? = xianx“ = ianxn+1
n=2 n=0 n=0

2a, +32a,X +4-3a,X* +5-4a,x° +6:5a,x* +--- = a X +a, x* +a, x> +ax* +---

This gives the following set of equations:
2a,=0 = a,=0

a,
6a,=a, = a,=——
3 0 3 23
43a,=a = a4:%
1
S4a,=a, = a5:r5a2:0
a
653, =a, = =—r= %
56 2356
a
76a,=a, = a =—= &
67 3467
This gives us that the solution is:
y= +ax+l X3+i X4+L X6+L X 4.
o TAXTERX T & T 1g0%" THos™
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4. Find the first three terms of the infinite expansion of y in terms of x for the
equation y—2xy+x°y =1
Set F(x,y)=y—-2xy+x’y-1=0.
Stage O: Replace x by t, = Zanx” and extract the Oth level equation, i.e., the
n=0

constants:
F,(x,t,)=t,—2xt, +x’t,-1=0
a,-1=0
a,=1
Stage 1: Substitute t, =1+t into F;(x,t,) to get F(x,t) and extract the linear
terms.
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F(xt)=(1+t)-2x(1+t)+x*(1+t,)-1=0
F.(X,t) =t —2xt, + x’t, -2x+ x> =0
a-2=0
a =2
Stage 2: Substitute t =2x+t, into F(x,t) to get F,(x,t,) and extract the
guadratic terms.
F,(X,1,)=(2X +1,) = 2X(2X +t,) + X*(2x +t,) = 2Xx +x* =0
F,(X,t,)=t,—2xt, + x’t, -3x* +2x° =0
a,-3=0
a,=3
So the first three terms are y =1+ 2x+3x>+---.

Note that if we were to solve this equation for y, then we get:

y—2xy+x%y =1
y=— L __ 1 > =1+2x+3x2+4x° +---= > nx"*
X°=2x+1 (x-1) n-1

5. Find the first three terms of the infinite expansion of y in terms of x for the
equation y*—y = x
Set F(x,y)=y*-y-x=0.
Stage O: Replace x by t, = Zanxn and extract the Oth level equation, i.e., the
n=0
constants:
F(x,t)=t>-t,—x=0
a;—8,=0
a,=0,1
Solution 1: Let ap=0.
Stage 1: Substitute t,=t, into F;(x,t,) to get F(x,t) and extract the linear

terms.
F(xt)=t>-t —x=0
-a,-1=0
a=-1
Stage 2: Substitute t =-x+t, into F(x,t) to get F,(x,t,) and extract the
guadratic terms.
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F(X,t,)=(-x+1,)* —(-x+t,) - x =0
F(x,t,)=-t,—2xt, +t,> +x*=0
-a,+1=0
a, =1
Stage 3: Substitute t, = x*+t, into F,(x,t,) to get F,(xt,) and extract the
degree three coefficients.

F(X, 1) = —(X* +1,) = 2X(X* +1,) + (X* +1,)* + x> =0
Fo(X,t,)=—t, +1t2 - 2xt, +2x%t, - 2x° +x*=0
-a,—-2=0
a, =-2
So the first three non-zero terms are y = —x+ x> —=2x* +---.

Solution 2: Now, let ao=1.
Stage 1: Substitute t, =1+t into F,(x,t,) to get F(X,t) and extract the linear

terms.
F(xt)=(0+t) -(1+t)-x=0
F(xt)=t +t-x=0
a-1=0
a =1
Stage 2: Substitute t =x+t, into F(x,t) to get F,(x,t,) and extract the

guadratic terms.
F(X,t)=(X+t,)+(x+t,)>’-=x=0
F(x,t,)=t,+2xt, +t,> +x* =0
a,+1=0
a,=-1
Stage 3: Substitute t, =—x*+t, into F,(x,t,) to get F,(x,t,) and extract the

degree three coefficients.
Fo(X,t) = (=X% +1,) + 2X (- X + ) + (-x* +1,)* +x* =0

F(x,t,) =t, +t2 +2xt, —2x’t, - 2x* +x* =0
a,-2=0
a, =2

So the first four non-zero termsare y =1+Xx— x> +2x° +---.

Note that if we were to solve this equation for y, then we get:
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y?—y-x=0
y_li«/1+4x
2
1+41+4X
=
=1+X—-X?+2x3—5x* +14x° —42x° +132x" —429x® +1430x° +---
C1-1+4x
2 2
=—X+X2=2x3+5x*—14x° +42x°® —132x" + 429x® —1430x° +---
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