Chapter 12

Integrals

12.1 Path Intgrals

Let a: [a,b] — R? or R3 be a C'! path. The function ¢: [c,d] — [a, ] is called bijective
if and only if it is one-to-one and onto. The composition 8 = « o ¢: [¢,d] — R? (or
R?) is called a reparametrization of . We saw earlier that

B(t) = o/ (6(1)¢'(1).

Thus,
1B = [/ (B[ (¢(2))]

so the reparametrization is a change of speed and/or direction. Now, ¢: [¢,d] — [a, b]
must map the endpoints to endpoints. Thus, either ¢(c) = a and ¢(d) = b or ¢(c) = b
and ¢(d) = a. In the former case, G(c) = a(é(c)) = a(a) and [(d) = a(¢(d)) = a(b)
and the reparametrization is called orientation preserving. The other case is called
orientation reversing.

Theorem 12.1 A reparametrization is orientation preserving if and only if ¢ > 0
and orientation reversing if and only if ¢' < 0.

Definition 12.1 The image of a one-to-one, piecewise C' path a: [a,b] — R? (or
R3) is called a simple curve.

A simple curve means that no two points of the interval [a,b] are mapped onto
the same point on the curve, a simple curve cannot intersect itself.

Definition 12.2 The image of a piecewise C' path a: [a,b] — R? (or R?) that is
one-to-one on [a,b) and is such that a(a) = a(b) is called a simple closed curve.
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150 CHAPTER 12. INTEGRALS

12.2 Path Integrals of Real-Valued Functions

We used the Riemann sum to define the definite integral of a real-valued function on
an interval [a, b]. We will use this same technique to define the integral of a real-valued
function over a path in R™.

Let f: R" — R be a continuous function and let o: [a,b] — R™ be a path in
R™.  The composition f(o(t)) represents the values of the function f along the
curve 0. Let P be a partition of [a,b], say P = {to = a,t1,...,t, = b}. We
can approximate the path o by the polygonal path p,, whose vertices are {o(a) =
o(to),o(t1),...,0(t,) = o(b)}. We can approximate the length of o; connecting o(;)
and o(t;41) as ||o’(t;)||At;, where At; = t;.1 —t;. Now we form the sums:

i
L

An =) fla(t)llo’(t:)]|At;.

i

Il
=)

If f were positive, then A, could represent the approximate area of the “fence” built
along o from o(a) to o(b) whose height is determined by f.

Definition 12.3 Let o: [a,b] — R"™ be a C' path and let f: R" — R be a function

such that the composition f(o(t)) is continuous on [a,b]. The path integral [ fds
of f along o is given by

/ fds= / Fle®lle’(t)lldt = lim > flo(t)llo’(t)l1AL,

iof this limit exists.

Recall that

Example 12.1 Let f(x,y,2) = vyz and o(t) = (—sint,v/2cost,sint), t € [0,7/2].
Find [ fds.
First,
f(o(t)) = f(—sint, V2cost,sint) = —v/2sin?tcost
o'(t) = (—cost, —v/2sint, cost)

lo' ()] = v2
/2 9 w/2 9
/fds = —\/5/ (sin®t cost)V/2dt = ~3 sin*t| = ~3
o 0 0
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12.3. PATH INTEGRALS OF VECTOR FIELDS 151

Example 12.2 Let f(z,y) = 2z +y. Consider the path integral [ fds along the
following paths in R? joining the points (1,0) and (0, 1):

1. Counterclockwise along the quarter circle oy (t) = (cost,sint), t € [0,7/2].

2. Along the straight-line segment o9(t) = (1,0) +¢(—1,1) = (1 — ¢,¢), t € [0, 1].

3. Along the piecewise C! path o3 that consists of the path o4(t) = (1 — ¢,0),
t € 10, 1], followed by o5(t) = (0,t), t € [0,1].

1. We have o}(t) = (—sint, cost) and ||o7(t)|| = 1, and
1
fds= / (2cost + sint)dt = 3.
0

2. Here we have o4(t) = (—1,1) and |oa(t)|| = v/2, and

/fds—/ (2 — t)V2dt = ﬂ

3. Here ||o4(t)|| = ||os(t)|| = 1 and

/Tgde:[74de+[75fdsz/01(2_2t)dt+/01tdt:_

Theorem 12.2 Let o be a C path in R™, let f be a real-valued function continuous
on the image of o, and let T = o o ¢ be a reparametrization of o. Then

/afds:/des.

Note that this says that the integral is independent of any reparametrization.

12.3 Path Integrals of Vector Fields

Let F be a vector field defined on the area that contains the curve o. Again, let P be
a partition of [a,b] and let Ao; be the vector that runs from o(¢; ) to o(t;41). Then
Ao; is approximately equal to o’(t;)At;. Then for each i =0,...,n — 1, we can form
the dot product F(o(t;)) - Ao;. We can then form the Riemann sum

—_

n—

Il
=)

i

If this limit exists, then it is called the path integral (or line integral) of F along o
and is denoted by [ F - ds.
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Definition 12.4 Leto: [a,b] — R" be a C* path, and let F: R™ — R be a vector field
such that the composition F(o(t)) is continuous on [a,b]. The path integral [ F - ds
of ¥ along o is given by

/UF-ds: /abF(a(t))-o’(t) dt.

In the case where F represents a force, the path integral gives the work done by F
along o.

Theorem 12.3 Let F be a continuous vector field on R™, let o: [a,b] — R™ be a C*
curve, and let T(t) = o(¢(t)) be a reparametrization of o, where ¢: [c,d] — [a,].
Then
/F p fT F-ds if ¢ is orientation preserving
- ds =
- — fT F -ds if ¢ is orientation reversing

Definition 12.5 The line integral fUF -ds of a continuous vector field F around a
oriented stmple closed curve o is called the circulation of F around o.

12.4 Double Integrals

As we did for a function from R — R we can also talk about the integral of a function
R? — R. Here we have two different dimensions along which to partition.
Divide the intervals [a, b] and [c, d] into n subintervals

P={a=ux,29,...,2p01 =b}and Q ={c=v1,¥2,. .., Ynt1 = d}

and form the rectangles R;; = [z, i41] X [y,Y41], 4,7 = 1,...,n. This divides the
rectangle R = [a,b] X [c,d] into n? subrectangles R;;. The sides of R;; are Az; =
Tiv1 — T4 and ij =Yj+1 — Y and its area is AAU = Al‘lij

Choose a point (z},y;) in each R;; and build a parallelpiped over R;; whose
height is equal to the value f(z},y;) of f at (x7,y;). The volume of the parallelpiped,
f(x},y;)AA;; approximates the volume of the three-dimensional region under the
surface z = f(z,y) and above R;;. The sum of the volumes of all n62 parallepipeds
is called the double Riemann sum and is

R = > fla],yp)AA

i=1 j=1

approximates the volume of the region under the surface z = f(z,y) over the rectangle
[a,b] x [e,d].
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A function f(z,y) defined on a rectangle R C R? is called integrable on R if the
limit of the sequence of Riemann sums

Tn =Y > fla},y)AA
i=1 j=1

as n — oo exists and does not depend on the way that points are chosen in each
subrectangle R;;.
If f is integrable, then the double integral ffRfdA of f over the rectangle R is

given by
//fdA—hm% —hmn—>oog E f(zi y7)A
R n—oo

i=1 j=1

Theorem 12.4 (Properties of Double Integrals) Let f and g be integrable func-
tions defined on a rectangle R and let ¢ be a constant. Then

1. The function f + g is integrable, and

//R<f+g>dA://RfdA+//RgdA

2. The function cf s integrable, and

//cfdA—c/ fdA.

3. If R is divided into n rectangles R;, (i = ,n) that are mutually disjoint,
then f is integrable over each R; and

//RfdA:Z:://RifdA.

4. f(x,y) < g(x,y) on R, then
//RfdAg//RgdA.

5. The absolute value of the double integral satisfies

744 [

Theorem 12.5 Let h(zx,y) be a function of two variables, let R = [a,b] X [c,d], and
let f,g: R — R be so that

h(z,y) = f(x)g(y).

//Rh(rc,y)dflZ/abf(x)dfc/cdg(y)dy-
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154 CHAPTER 12. INTEGRALS

Theorem 12.6 (Fubini’s Theorem) If f = f(x,y) is a continuous function de-
fined on a rectangle R = [a,b] X [c,d] in R?, then

//RfdAz/ab(/Cdf(ﬂf,y)dy)d:v:/cd(/abf(%y)dx)dy'

12.5 Triple Integrals

We define the integral of a function f: R® — R similarly. If W = [ay, bi] X [as, bo] X
las, bs], then we can form the triple Riemann sum

Ry, = Z Z Z (@i, v, 20) Ar Ay Azy..
ik

The triple integral fffw fdV of f over W is defined by
[[] sav=m 2,
W n—oo

Theorem 12.7 (Fubini’s Theorem) If f = f(z,y, 2) is a conlinuous function de-
fined on a rectangular box W = [ay, b1] X [ag, ba] X [ag, b3] in R?, then

o [ [ (] )
:/al (/ ( f(x,y,z)dy) dz) dz
_ /b (/b ( b F(z,y,2) dy> dx) dz

etc. There are siz interated integrals that are all equal.

when this limit exists.

12.6 Change of Variables

The change of variables is much like our Chain Rule for functions of one variable.
This section is mostly definitions, just so we can see how things work.

Assume that f =: R"™ — R is a function of n variables. We will consider n = 2
and n = 3 for the most part, but everything is the same for arbitrary n. A change
of variables is a function T': R™ — R™. We think of it as setting z; = z;(uq, ..., uy,),
t=1,...,n, where z; is a differentiable function of the u;. For n = 2 this looks like

T(u,v) = (x(u,v),y(u,v)).
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12.6. CHANGE OF VARIABLES 155

Standard examples are polar coordinates for n = 2 and cylindrical and spherical
coordinates for n = 3.

Let T(u,v) = (x(u,v),y(u,v)) be a C* function. The determinant of the derivative
DT of T is called the Jacobian of T' and is denoted by J(z,y;u,v) or d(x,y)/0(u,v).

Hence
o(x,y)

Oz /0u Ox/0v
dy/ou  dy/dv

d(u,v)

Thus, for T: R? — R3

Ox/Ou Oz/O0v Ox/ow
3@’#’2) = |0y/Ou Oy/dv 0Oy/ow
(u, v, w) 0z/0u 0z/0v 0z/0w

J(x,y, z;u,v,w) =

and for 7: R® — R"

0x1/0uy Ox1/0uy ... Ox1/0uy,

0xs/0 0x5/0 ... Ox9/0u,
J(ml,...,xn;ul,...,un):8<x1""’x”) _ xz/ Uy xz/ Us xg/' u

O(Ury ..., Up)

0@
8Uj

0x,/0uy Oxp/O0uy ... Ox,/0u,
Example 12.3 For polar coordinates, x = rcosf and y = r sin § we have

d(z,y)

a(r,0)

cosf) —rsinf
sinff rcos@

For cylindrical coordinates, x = rcosf, y = rsinf, and z = z, so

cosf —rsinf 0
= |sinf rcosf O =r.
0 0 1

d(z,y,2)
a(r, 0, z)
For spherical coordinates, x = pcosfsin ¢, y = psinfsin ¢, and z = pcos ¢, and

d(x,y, 2) cosfsing —psinfsing pcosbcos
#: sinfsing pcosfsing psinfcos | = p?sin ¢.
(p:0,9) cos ¢ 0 —psin ¢

Theorem 12.8 (Change of Variables Formula, n = 2) Let D and D* be elemen-
tary regions in R? and let T: D* — D be a C', one-to-one map such that T(D*) = D.
For any integrable function f: D — R

J[ stwmaa= [ st |50

is the Jacobian of T

dA*,

where

(z,
O(u,v)
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Thus, for a change to polar coordinates

//Df(x,y)dxdy:/D*f(r,é)rdrd&

We can see what the Change of Variables is for general n.

INTEGRALS

Theorem 12.9 (General Change of Variables Formula) Let R and R* be el-
ementary regions in R™ and let T: D* — D be a C', one-to-one map such that

T(D*) = D. For any integrable function f: D — R

/.--/Df(xl,...,xn)dW:

8(:1:1,..
/ D*f(l‘l(Ul,...,Un),...7$n(U1,...,Un))‘Ml,—
where Oy, Tn) is the Jacobian of T.
O(ug, ..., up)

This intimates that for a change to cylindrical coordinates,

///D f(x,y,z)dxdydz:// | f(r6,)r drdodz,

and for a change to spherical coordinates,

///D f(x,y, z)dedydz = // . f(p,0,¢)p" sin ¢ dpdfde.
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