MATH 6102 — SPRING 2009

ASSIGNMENT 2
SOLUTIONS

1. The symbol [x] denote the largest integer which is < x. Thus, [2.1] = [2] = 2 and [-0.9] =
[-1] = —1. Draw the graphs of the following funétions.

Yy

yyaddad

//

fx)=[x] fx)=x-[x] fx) = yx—[x]
o 1
F(x) = [x]+yx—[x] Flx) = H ) = m
x [ f) [ fx) [ g() [ ¢/(x) |
1 6 4 2 5
2 9 2 3 1
3 10 —4 4 2
4 -1 3 6 7

2. The funétions f and g are differentiable for all real numbers, and g is strictly increasing. The
table above gives the values of the functions and their fir§t derivatives at selected values of x. The
funétion h is given by h(x) = f(g(x)) — 6. Explain why there must be a value r for 1 <r < 3 such

that h(r) = -5.



Homework Set 2 Solutions

Since f and g are differentiable, they are continuous and so is h. Since f(g(1)) = 9 and
f(g(3)) = —-1. Thus, h(1) = 3 and h(3) = 7. Since -7 < -5 < 3, by the Intermediate Value
Theorem, there mus$t be some number between 1 and 3 so that h(r) = -5.

3. Let f be a function defined by

f(x)=

2x —x? forx <1
Crkx+p forx>1

For what values of k and p will f be continuous and differentiable at x = 1?

For the funé&ion to be continuous, the limit at x = 1 mus$t exis§t. This means that
1 =xli_>r{17f(x) :xli}r%f(x) =1+k+p.
For the fun&tion to be differentiable at x = 1, the derivative must exist there. So,
2-2xo1 =0=2x+kl|,og =k+2.
Therefore, k = -2 and p = 2.
4. Let f be the function defined as follows:

lx+1|+2 forx<1
f(X)Z{

ax?+bx for x> 1, where a and b are con§tants

(a) Ifa=24and b=3,is f continuous for all x? Justify your answer.
No, it is not continuous at x = 1 because lim,_,;- f(x) =4 and lim,_,;+ f(x) = 27, which
means that the limit at x = 1 does not exist.

(b) Describe all values of a and b for which f is a continuous funétion.

For f to be continuous at x = 1, we must have that lim,_,+ f(x) = a+b =4 = lim,_,;- f(x).
Thus, a and b lie on the line x +y = 4.

(c) For what values of a and b is f both continuous and differentiable?

This means that we must have a derivative at x = 1. For x close to 1, [x+ 1| = x+ 1 so the
derivative from the left is 1. The right hand derivative at x = 1 is 2a + b. Therefore, we
must have that

a+b=4
2a+b=1

Solving, gives us that a =7 and b = -3.
5. Let p and q be real numbers and let f be the funétion defined by:
1+2p(x—1)+(x—1)> forx<1
fx) = { ’

qx+p for x> 1
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(a) Find the value of q, in terms of p for which f is continuous at x = 1.

lim f(x)=1= lim f(x)=p+gq.
x—1- x—1*
Thus, we mu$t have g =1-p.
(b) Find the values of p and q for which f is differentiable at x = 1.

fr-(1)=2p+2(x-1)|,-; =2p.

fr(1)=gq.
Thus, we have that 2p=g=1-porp=1/3and g = 2/3.

(c) If p and q have the values determined in part (b), is f 7 a continuous funcétion?

)= 14280 4 (x—1)2 forx<1
B % forx>1
1
z+2(x-1) f <1
) = 34— (x=1) f01rx_
3 orx>1
2 forx<l1
INX) =
frx) {0 forx>1

Thus, f/7(x) is not continuous at x = 1.

. Let f (a,b) = R be continuous, with (a,b) C R. Show that if f(r) = 0 for each rational number
re(a,b), then f(x)=0 for all x € (a,b).

Let x € R\ Q. There is a sequence of rational numbers {x,} so that lim,_,,, x,, = x. Since
f(x,) =0 for all n and since f is continuous, f(x)=1lim,_,., f(x,) = 0 for all real numbers.

. Let f(a,b) > Rand g(a,b) — R be continuous, with (a,b) C R, so that f(r) = g(r) for each rational
number r € (a,b). Prove that f(x) = g(x) for all x € (a,b).

Let h(x) = f(x) — g(x). Then h is a continuous funétion which is o at all rational numbers. By
the previous problem, h(x) = 0 for all x € R. Thus, f(x) = g(x) for all real numbers.

. Let f and g be continuous funétions on [a,b] such that f(a) > g(a) and f(b) < g(b). Prove that
f(xg) = g(xq) for some xq € [a, b].

Let h(x) = f(x) — g(x). Then h(a) = f(a) — g(a) > 0 and h(b0 = f(b) — g(b) < 0. Should either
one of these values be zero, we have our point in question. Therefore, assume that h(a) > 0
and h(b) < 0. By the Intermediate Value Theorem, there is a point x( € (a,b) so that h(xy) = 0.
This means that f(x() = g(xo)-

. Prove that x2* =1 for some x € (0,1).

Let f(x) = x2*. f is a continuous fun&ion. f(0) = 0 and f(1) = 2. Therefore, but the Interme-
diate Value Theorem, there is a point x € (0,1) so that f(x) = 1.
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