Differential Forms and Integration

1 Differential Forms

Let U be an open set inR3 and assume that the functions we are discussing are differentiable
as many times as needed. The forms and the functions being discussed are all differentiable,
so we will drop that adjective, since it is to be applied to everything in this section.

Definition 1 A 0-form on U is a real-valued function f: U — R. Two 0-forms f1 and fy
on U can be added or multiplied giving 0-forms fi + fo and f1 - fo. A zero 0-form is the
constant function f(x,y,z) = 0.

Definition 2 The formal expressions dx, dy, and dz are called basic 1-forms. A 1-form on
the set U 1s a combination

a= f(x,y,z)dr + g(z,y, 2)dy + h(z,y,2)dz = fdx + gdy + hdz,

where the coefficients (or components) f(x,y, z), g(x,y, 2), h(z,y, z) are real-valued functions

defined on U.

For the time being we will not attach any meaning to dz, dy, and dz. Think of them
as forming a basis of a three-dimensional vector space, where the real-valued functions play
the role of scalars. We say that a 1-form is a linear combination of basic 1-forms dx, dy, and
dz. The order of dx, dy, and dz in a 1-form is not relevant. The zero 1-form is the 1-form
0 = 0dz + 0dy + 0dz.

Let a = 2%dx + xydy — yzdz and 3 = y*dx — yzdy + dz. Then a + 3 = (2 + y*)dx +
(xy —y2)dy + (1 — yz)dz. In general, if « = fidz + fody + f3dz and 3 = gidx + gody + g3dz
and p is a real-valued function, then

a+B=(fi+g)dr+ (f2+ g2)dy + (fs + g3)d=

and

pa = pfidx + pfody + pfadz.
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Definition 3 The expressions dxdy, dydz, and dzdx are called basic 2-forms. A 2-form on
the set U 1s a combination

ﬁ - f(l’, Y, Z)dl’dy + g(l’, Y, Z)dde + h(I, Y, Z)dZdl’,
where the coefficients are real-valued functions.

Again, think of the basic 2-forms as forming a basis for a three-dimensional vector space.
A 2-form is a linear combination of the basic 2-forms. The order of the basic 2-forms in the
2-form does not matter. Just as for 1-forms, we can add 2-forms and multiply by a scalar
function.

If o = fidxdy+ fodydz+ fzdzdx and B = gidxdy+ godydz+ gsdzdx and p is a real-valued
function, then

a+ B =(fi + g1)dzdy + (fo + go)dydz + (fs + g3)dzdx
and
pa = pfidrdy + pfodydz + pfsdzdz.

The zero 2-form is the 2-form 0 = 0dxdy + Odydz + 0dzdzx.
We never add forms of different degrees, such as a 1-form and a 2-form.

Definition 4 The basic 3-form is the expression dxdydz. A 3-form on U is an expression
n = [f(z,y,z)dzdydz,
where f is a scalar function.

This time there is only one basic 3-form, so the vector space is 1-dimensional. If n =
fdxdydz and v = gdxdydz and p is a scalar function, then

n+~y=(f+g)dedydz and pn = pfdrdydz.

The zero 3-form is 0 = Odzdydz.

2 Wedge Product

The wedge product is an operation on forms that satisfies the following properties:

(a) If @ is a m-form and [ is an n-form, 0 < n,m < 3 then their wedge product is an
(n + m)-form a A .

(b) Anticommutativity: a A f = (—=1)""8 A a, where « is a m-form and (3 is an
n-form.
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(c) Associativity: (a A B) Ay =aA (B A7), for any forms «, (3, and ~.
(d) If 0 is a zero form of any degree, then a A 0 = 0 for any form a.

(e) If fis a O-form (a scalar function) then the wedge product f A« is just the product
f -« of a form and a function: fAa = f-a.

(f) Distributivity: if & and 3 are of the same degree, and «y is any form, then (a +
BYNy=aAy+B Ay

(g) Homogeneity with respect to scalar functions: if f is a O-form, then f(a A ) =
(fa) NB=aA(fB).

(h) The wedge products of basic 1-forms are basic 2-forms:

dz N\ dy = dzdydy N dz = dydzdz N\ dx = dzdz.

(i) The basic 3-form is the wedge product of basic 1-forms in their cyclic order:
de Ndy N\ dz = (dx A dy) Ndz = dx A (dy A dz) = dxdydz.
We can derive a few more simple properties from these. From anticommutativity we get
dydx = dy A dx = (=1)"dx A dy = —dx A dy = —dzdy.
Also,
de Ndx = —dz N\ dx
from anticommutativity. Thus,
dz N dx + dx N\ dx = 2dx N\ dx = 0.

Therefore, dx A dx = 0. It follows that dy A dy = 0 and dz A dz = 0. Likewise a triple
product in which a basic 1-form appears more than once must be zero. For example,

dedy Ndx = (dx ANdy) ANdx = (—dy ANdx) Adx
= —dyA(deNdx)=—dyNn0=0.
Since there are only three basic 1-forms in R?, every 4-form (written as a wedge product of
1-forms) has at least one of dz, dy, or dz repeated — and is therefore zero. In other words,
all forms of degree greater than three in R3 are zero.

Lemma 1 For any form o in R®, a Aa = 0.

The proof of this lemma is a brute force calculation using the above properties.
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Example 1 Let o = ydxdy + vzdydz and 3 = dx + ydy + z*dz. Find o A 3.

aAp = (ydedy + zzdydz) A (dz + ydy + 22dz)
= ydxdy A dv + ydrdy A ydy + ydody A 2°dz + vzdydz A de + vzdydz A ydy + szdydz A 22dz
= y2idrdydz + vzdydz A do = y22dedydz + (—1)* vzde A dydz
(y2* + xz)dzdydz

Definition 5 The differential is an operation that assigns a (k+ 1) form da to a k-form «
(0 < k < 3) according to the following rules
a) If f: U — R is a O-form, then df is the 1-form

af LOf ., Of,
df = + 5+ 5l

b) If a = fdx + gdy + hdz is a 1-form, then da is the 2-form
da = df Ndx +dg A dy+ dh A dz,

where df, dg, and dh are computed by (a), since f, g, and h are scalar functions
(or O0-forms).

¢) If a = fdxdy + gdydz + hdzdzx is a 2-form, the da is the 3-form

doa = df ANdxdy + dg A dydz + dh A dzdz.

d) If a = fdxdydz is a 3-form, then

da = 0.

Example 2 Compute the differential of each of the following forms.

a) a = e**

0 0 0
_ TYz TYz
da _633(6 )dx + ay(e )dy + 9,

= yzedr + xze™*dy + xye®*dz

(e™%)dz
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b) a = (2 + y*)dz + sin(z)dz.

da = d(z°+y*) Adx + d(sin(2)) A dz
= (2zdx + 2ydy + 0dz) A dx + (cos(z)dz) A dz
= 2ydy N\ dx = —2ydxdy

c) a=zdy

do = d(x) A dy = dxdy.

d) a= (2% +y*)dvdz

da = d(z*+y*) Adxdz
= (2zdx + 2ydy) N dzdz
= 2ydydrdz = —2ydxdydz

Now, our vector differential operators — gradient, curl, and divergence — can be inter-
preted as differentials on forms.
The differential of a O-form f is given by
af af of
df = =—dr + =—dy+ =—dz=Vf-d
Iif axa:—l—ayy—l—azz f-ds,
where ds = dx1 + dyj + dzk is a forma expression called the line element, and V f is the
gradient of f.
Take a 1-form o = Fydx+ Fydy+ F3dz and the associated vector field F = Fia+ Fyy+ F3k.
Computing the differential of o we get

_(OF,  OF 0F; 0F; oF, OF;3
da—(ax ay)d:c/\dy—l—(ay 8z)dy/\dz+(8z ax>dz/\dyc

The coefficients of da coincide with the components of curl(F). The coefficient of dy A dz
is the ¢ component of curl(F), the coefficient of dz A dx is the 3 component of curl(F) and
the coefficient of dx A dy is the k component fo curl(F).

Finally, let a« = Fidydz + Fydzdx 4+ Fzdxdy be a 2-form and the associated vector field
F = Fia + Fog5 + Fik.

0F, OF;3

do = | pdFiz + — + — | dedydz = div(F)dzdyd=.
dy 0z
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Theorem 1 For k-forms ay, as and a and n-form ( the following identities hold:
a) d(og + @) = dog + dag.
b) d(da) = 0.
c) dlaAB)=daAp+(—1)fands.

3 Forms and Integration

We have seen this before. Let a = Fydz+Fydy+Fsdz be a 1-form on R? and let o: [a, b] — R?
be a path. The path integral of the 1-form « along o is defined by

b
dx dy dz
= [ F F. Fsdz = Fi— + Fh— + F3— .
/Uoz /0 1dx + Fydy + Fsdz /G(ldt+ th+ Sdt) dt

Let a = Fidydz + Fydzdx + Fsdxdy be a 2-form defined on U and let ®(u,v) =
(x(u,v),y(u,v), z(u,v)) be a parametric representation of a surface S C U. Define the
integral of the 2-form a over S, [ ¢ @, as the double integral

/a = /Fldydz + Fodzdx + Fsdxdy
_ / ] (Fl(fb(u,v))g(y’ %) L Ry, @))ggi’jg + Fy(@(,0)) 5

(u,v)

_ //DF((ID(U,U))-N(u,v)dudv://SF-dS

where F = (F17F27F3) and

N(u, v) = Ty(u, v) x Ty(u,v) = (a@"") oz ) ‘9(“"’9>> .

A(u,v)” d(u,v) d(u,v)
It follows that the integral of a 2-form o = Fidydz + Fydzdx + Fsdxdy over a surface S
is just the surface integral of the corresponding vector field F = (F}, Fy, F3).

Theorem 2 (Green’s Theorem for Differential Forms) Let « = Pdx + Qdy be a 1-
form defined on a “good” region D with positively-oriented boundary o = 0D. Then

/ a:/da.
aD D

Theorem 3 (Gauss’ Divergence Theorem for Differential Forms) Assume thatV C
R3 is a “good(3D)” region with boundary OV oriented by an outward normal. Let o be a
2-form defined on an open set U containing V. Then

/ a:/da.
av 1%
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This is just a straightforward translation of Gauss’ Divergence Theorem into the language
of differential forms.

Theorem 4 (Stokes’ Theorem for Differential Forms) Let o = Fidx + Fody + Fidz
be a I-form defined on an open set U in R3. Let S be an oriented surface parametrized
by a one-to-one parametrization ®: D — R? and let S be its positively-oriented piecewise

smooth boundary curve. Then,
/ o= / da.
as s

This is just a straightforward translation of Stokes” Theorem into the language of differ-
ential forms.
Note that all three of these theorems say the same thing!

/ a:/ dao.
oM M



